I derive the set of constraints under which the eigenvalues of the Dirac operator can play the role of the dynamical variables for the Euclidean supergravity.
of the space-time by the means of the eigenvalues of the Dirac operator can be extended further to include the supersymmetric case. If a supersymmetric partner of the metric is considered, and the local supersymmetry is imposed, we are led to the euclidean supergravity. This kind of systems has been extensively studied lately mainly in to the frame of path integral quantization of the supergravity with a stress on the problem of the boundary conditions which are to be imposed on the fermions [10, 12] (see also [15] ). In this paper I address the question whether the eigenvalues of the Dirac operator can be used as observables for the euclidean supergravity.
Consider euclidean minimal supergravity on a compact D=4 (spin) manifold with no boundary. The graviton is represented in the tetrad formalism by the fields e a µ (x); µ = 1, · · · , 4 are space-time indices and a = 1, · · · , 4 are internal euclidean indices, raised and lowered by the euclidean metric δ ab . the metric field is g µν (x) = e a µ (x)e νa (x). The gravitino is represented by an euclidean spin-vector field ψ µ (x). In order to have " euclidean Majorana spinors" and to maintain the correct number of degrees of freedom required by a supersymmetric theory, the adjoint spinors are defined via Majorana conjugation relationψ = ψ T C. This encounters the problem posed by the fact that there is no Majorana spinor representation of SO(4) and ensures the theory is supersymmetric [13] ( for other discussions on the "euclidean Majorana spinors" see also [11, 14, 15] ). The spin connection ω µab (e, ψ) is defined as 
As usual in the supersymmetric case, there are two covariant derivative acting on space-time tensors and space-time spinors, respectively. The minimal covariant derivative, when acts on vectors, for example, is expressed in terms of Christoffel symbols as
and the non-minimal covariant derivative which acts on spinors is reads as follows
where
[γ a , γ b ] = iΣ ab and γ a form an euclidean representation of the Clifford algebra C 4 :
The phase space of the theory is defined as the space of the solutions of the equations of motion, modulo the gauge transformations [3, 18] . The gauge transformations are 4D diffeomorphisms, local SO(4) rotations and the local N = 1 supersymmetry. Then the phase space, which is covariantly defined, is the space of all e, ψ that are solutions of the equations of motion modulo diff's, internal rotations and local supersymmetry. Because the phase space is defined over the solutions of the equations of motion it is sufficient to consider only on-shell supersymmetry.
In this case, the supersymmetric algebra closes over only graviton and gravitino. Off-shell, the supersymmetric algebra usually requires six more bosonic fields since there is a mismatch of the fermionic and bosonic degrees of freedom. As in [3] the observables of the theory are the functions on the phase space. For the euclidean gravity the eigenvalues λ n 's of D define a discrete real family of real-valued functions on the space of all tetrads and for every n the function λ n (e) is invariant under diff's and under internal rotations. Therefore they are well defined on the phase space and they are observables of general relativity. For the present case one has to find what are the conditions under which λ n are gauge invariant such that they can be used as observables of the supergravity. The presence of the gravitino and the requirement of the local susy give a non-trivial solution to this problem.
In the present case Dirac operator is defined as
and it acts on the euclidean spinors defined on the manifold. It is possible to construct Dirac operator such that it is self-adjoint on the Hilbert space of spinor fields with the scalar product defined as in [3]
where ψ * represents the complex conjugate. Now D is different from the curved Dirac operator and denoted by
• D defined in [3] because of the term K µab that enters ω µab and which is required by the supersymmetry. A detailed analysis of this operator is not the purpose of this paper and I refer to [17] . It turns out that D admits a discrete spectrum of eigenvalues and eigenspinors and we can write
Then λ n 's define a discrete family on the space of all gravitons and gravitinos denoted by F .
As in the case of gravity, λ n may presumably coordinate the space of orbits of the gauge group in the space F [17] . However, even if the above conditions hold, λ n 's might fail to be invariant under the gauge group. In fact, the gauge invariance of λ n 's impose additional constraints on F as well as on the eigenspinors of D.
To see this, consider the variation of any λ n under diff's. This variation is generated by an arbitrary small vector field ξ = ξ µ ∂ µ . Since λ n (e, ψ)depends on the independent variables e a µ and ψ α µ . The vector field generates infinitesimal transformations by the mean of the Lie derivative.
We write
A little simple algebra shows that in order to the variation (10) vanishes the following set of equations must hold
where T nµ a is the energy-tensor momentum of the spinor χ n [3, 19] . The last term comes from the derivation of spin-connection with respect to the spinor field and is given by
In a similar manner the invariance of the eigenvalues under the SO(4) raise new constraints.
In this case ǫ In order to investigate the local susy invariance we consider the following on-shell local susy
where ǫ(x) is an infinitesimal spinor field for which theǭ = ǫ T C is true. Under (14) 
The vanishing of the variation of the eigenvalues of the Dirac operator lead to further constraints
The set of equations (11), (13), (17) define the necessary conditions for λ n 's be invariant under the gauge group. These conditions represent a new type of constraints on the space of F of all possible supermultiplets. Furthermore, as one can see by simply inspecting the relations (11), (13) , (17) the equations are not independent. Therefore the geometry of the constrained surface is quite complicated and this make the quantization problem highly non-trivial. To deal with this problem one has to work with BFV-BRST quantization method developed to handle such situations [17] .
The above constraints are not the only ones arising in this theory. If the equation (8) is subjected to the infinitesimal transformations of the gauge group and the variation of δλ n vanishes as required previously we get
In the case when the above variations are induced by diff's relation (18) reads
where I use the following notations
A similar relation occurs when in (18) the rotations are considered. In this case the spin connection transforms as the gauge field for rotations
where θ ab = −θ ba parameterize an infinitesimal SO(4) rotation and θσ = θ ab σ ab . Since χ n transforms in the unitary spinor representation of SO (4) we can write
Using these transformations, the equation (18) becomes
where the following notations are used
Now if the case of N=1 local supersymmetry is considered, it must be noticed that χ n 's are inert under this symmetry and thus the left-hand side of equation (18) vanishes. That leads eventually to the equation
where the notations used above are 
The final relations (19) , (24), (27) can be interpreted as constraints on the eigenspinors of the Dirac operator. They depend on the supermultiplets as well as on the eigenvalues of the Dirac operator and are direct consequences of the invariance of λ n 's under the gauge group of the problem. These supplementary constraints complicate the description of the covariant phase space as well as a possible tentative to formulate the quantum problem in this case [17] .
In summary, I have discussed the possibility of considering the eigenvalues of the Dirac operator as observables of the euclidean supergravity. The invariance of the eigenvalues under the gauge group of the problem impose severe constraints on the space of the supermultiplets. The form of these constraints was completely determined. They form a reducible set of constraints on the phase space and thus one has to use BV or BFV methods of quantization in order to construct the quantum problem of this system. The eigenspinors get themselves constrained too, from the requirement that the equation that define the eigenvectors and eigenvalues satisfy the gauge group symmetry.
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